Let q be a power of a prime and F q be a finite field with q elements. In this paper, we propose four families of infinite classes of permutation trinomials having the form cx − x s + x qs over F q 2 , and investigate the relationship between this type of permutation polynomials with that of the form (x q − x + δ) s + cx. Based on this relation, many classes of permutation trinomials having the form (x q − x + δ) s + cx without restriction on δ over F q 2 are derived from known permutation trinomials having the form cx − x s + x qs .
Introduction
Let q be a power of a prime. Let F q be a finite field with q elements and F * q denote its multiplicative group. A polynomial f (x) ∈ F q [x] is called a permutation polynomial (PP) if its associated polynomial mapping f : c → f (c) from F q to itself is a bijection. Permutation polynomials over finite fields have important applications in cryptography, coding theory and combinatorial design theory. So, finding new permutation polynomials is of great interest in both theoretical and applied aspects. The study of permutation polynomials has a long history [6, 12] and many recent results are surveyed in [14] .
Permutation polynomials with few terms attracts many researchers' attention due to their simple algebraic representation and wide applications in coding theory, combinatorial designs and cryptography. The recent progress on construction of permutation binomials and trinomials can be seen in [2, 7, 11, 19, 18, 20, 21, 22, 23, 25, 38] and the references therein. Permutation polynomials of the form x + γTr q n q (x k ) were investigated in [3, 4] for some special γ ∈ F q n . Very recently, G.Kyureghyan and M.E. Zieve [15] found almost all permutation polynomials over F q n of this form for γ ∈ F * q n and q n ≤ 5000, where q is odd. And Li et al. [18] studied permutation behavior of this type of polynomials over the finite fields with even characteristic. In both [15] and [18] , most permutation polynomials having the form x + γTr q n q (x k ) occur in case of n = 2, i.e., they are trinomial permutations. Inspired by this, we construct four families of infinite classes of permutation trinomials over F q 2 with the following form
where s is a positive integer and c ∈ F q 2 . We use the well-known result (Lemma 1) provided by Park, Lee, Wang and Zieve to prove the first three classes of permutation trinomials. For the proof of permutation behavior of the last class of trinomials, symbolic computation method related to Gröbner bases and resultants is used.
On the other hand, in order to derive new Kloosterman sums identities over F q n , Helleseth and Zinoviev [13] found a class of permutation polynomials related to the form (
over F q n , and Ding and Yuan [9] first studied this type of permutation polynomials. Following line of work in [9] , many permutation polynomials with this form have been constructed [5, 21, 26, 27, 29, 31, 32, 33, 34, 35, 36, 37] . Most known permutation polynomials having this form are related to δ. In this paper, we find a close relationship between the two types of permutation polynomials with the forms (1) and (2) respectively. Based on this relationship, many classes of permutation polynomials having the form (2) without restriction on δ are derived from known permutation polynomials of the form (1). The remainder of this paper is organized as follows. In section 2, we introduce some preliminary results and investigate the relationship between the two types of permutation polynomials with the forms (1) and (2) respectively. Section 3 presents four families of infinite classes of permutation trinomials with the form (1). In section 4, many new classes of permutation polynomials with the form (2) are derived from known permutation polynomials with the form (1). Finally, concluding remark is given in section 5.
Preliminaries
Let q be a power of a prime, and F q be a finite field with q elements. Let k be a divisor of n. The trace function from F q n to F q k is defined by
where x ∈ F q n . Let d be a positive integer with d | (q − 1), and µ d denote the set of dth roots of unity in F * q , i.e.,
Many people investigate the permutation behavior of the polynomials with the form x r h(x s ) for s | (q − 1) over F q . The following lemma is wellknown which transforms the problem of proving x r h(x s ) permutes F q into the problem of investigating whether it permutes µ (q−1)/d . 
The following proposition shows a close relationship between the two types of permutation polynomials with the forms (1) and (2). Proposition 2. Let m, k be integers with 0 < k < m and ℓ = gcd(k, m). Let F q m be a finite field and
Proof. For α ∈ F q m , it is sufficient to show that the equation
has only one solution in F q m . Denote by y = x q k − x+ δ. Taking q k -th power on both sides of (3) and subtracting (3) we have
Since h permutes F q m we obtain y = h −1 (α q k − α + cδ). So, the only one solution of (3) 
Remark 3. In Proposition 2, let m = 2, k = 1 and g(x) = x s and c ∈ F * q . By Proposition 2, if cx − x s + x qs permutes F q 2 then (x q − x + δ) s + cx permutes F q 2 . Moreover, if there are no restrictions on δ and c = 1 then the inverse of Proposition 2 also holds.
Proof. By Proposition 2 we only prove the necessity . Denote by ϕ(x) = x q − x + δ, α = Tr q m q (δ), and S α = {x ∈ F q m | Tr q m q (x) = α}. By Theorem 2.25 in [16] we have that
It is easy to verify that ϕ • f (x) = h • ϕ(x) for any x ∈ F q m , i.e., the following diagram is commutative,
is a bijection on F q m , then from above diagram we know that h(x) is a surjective mapping from S α to itself. So, h(x) is a bijection on S α for any α ∈ F q , moreover F q m = ∪ α∈Fq S α . Thus, h(x) permutes F q m .
Four classes of permutation polynomials with the form cx
In this section we present four classes of permutation polynomials with the form cx − x s + x sq for some proper index s and parameter c ∈ F * q 2 .
and c ∈ F * q 2 . The polynomial f (x) = cx − x s + x qs permutes F q 2 in each of the following cases:
Proof. We only prove the case (1). The proof of the case (2) is similar and the details are omitted.
Since q ≡ 1 (mod 8) we know that 4 | (3q + 5). The polynomial f (x) is rewritten as
be the cyclic subgroup of µ q+1 with order q+1 2 . It is easy to verify that µ q+1 2 is exactly all square elements of µ q+1 . Since q ≡ 1 (mod 8) we have that −1 is non-square element of µ q+1 . Then −µ q+1 2 is the set of all non-square elements of µ q+1 . Next we show that g(x) permutes µ q+1 2 and −µ q+1 2 respectively. Since q ≡ 1 (mod 8) we have that squaring is a bijection on µ q+1
2
. For
, there exists an unique y ∈ µ q+1 2 such that x = y 2 . Then
In this case, g(x) = c q−1 x, and it permutes µ q+1 we have that c − 2y = 0. So,
Combining these two cases, we have that g(x) permutes µ q+1 . Similarly, we obtain another family of infinite class of permutation polynomials over F q 2 as follows.
By direct verification and simplification we get a family of infinite class of permutation polynomials over F q 2 as follows.
Theorem 7. Let q be a power of a prime with q ≡ 1 (mod 3), and s = q 2 +q+1 3
. Then f (x) = x − x s + x qs is a permutation polynomial over F q 2 .
Proof. Since q ≡ 1 (mod 3) we know that 3 | (q + 2). The polynomial f (x) is rewritten as
First, we show that 1 + x 1−u − x u = 0 has no roots in µ q+1 . Otherwise, assume that there is x ∈ µ q+1 satisfying this equation, i.e.,
These imply x 2u−1 − x u−1 = x q+1 , i.e., x 2u−2 − x u−2 = x q . This leads to x 2−2u − x 2−u = x, then x 1−2u − x 1−u = 1, i.e., x 2u−1 + x u = 1. This equality together with (4) implies x u−1 + x u = 0, i.e., x = −1. On the other hand, it is easy to verify that x = −1 does not satisfy the first equation in (4) since 3 ∤ q. So, we get a contradiction.
For any x ∈ µ q+1 , we have x 3u = x since u = q+2 3 , and
So, g(x) permutes µ q+1 since gcd(u, q + 1) = 1. The main technique in the proof of above theorems is provided in Lemma 1. This method doesn't work for the following theorem. Using the method provided by Dobbertin [8] and Kyureghyan and Zieve [15] we present a family of infinite class of permutation polynomials over F q 4 . To this end, we first give two preliminary lemmas.
Lemma 8.
There exists x ∈ F * q 4 such that x 2q 2 + x q 2 +1 + x 2 = 0 if and only if 3 | q and x q 2 −1 = 1.
Proof. Assume that x ∈ F * q 4 satisfies
Let y = x q 2 −1 , then y ∈ µ q 2 +1 and y 2 + y + 1 = 0. It follows that y 3 = 1. Since gcd(3, q 2 + 1) = 1, we must have y = 1 and 3|q. Conversely, it is obvious. Similarly, we have the following lemma.
Lemma 9.
There exists x ∈ F * q 4 such that x 2q 2 − x q 2 +1 + x 2 = 0 if and only if 3 | q and x q 2 −1 = −1.
Theorem 10. Let q be a power of an odd prime and s = q 3 + q 2 − q. Then the polynomial f (x) = x − x s + x q 2 s permutes F q 4 .
Proof. We prove that f (x) = α has only one root in F q 4 for any α ∈ F q 4 . To this end, we discuss the proof according to the following four situations.
Case I: α = 0 and f (x) = 0. It is clear that this equation has a solution x = 0. Next we show that there is no x ∈ F * q 4 satisfying f (x) = 0. Otherwise, we have 1 − x q 3 +q 2 −q−1 + x −q 3 +q = 0.
Denote by y = x q 2 −1 , then y ∈ µ q 2 +1 . From above equation we get
Calculation of (6) q − (6) q 3 together with y q 2 = y −1 , we obtain 0 =y
It follows that y q−2 = 1 since y = −1. This fact together with y q 2 +1 = 1 implies that y gcd(q−2,q 2 +1) = y gcd(q−2,5) = 1.
So, we have y 5 = 1. On the other hand, substituting y q−2 = 1 into (6) we get y 5 = y 2 + 1. This together with y 5 = 1 implies that y = 0. This is a contradiction. So, f (x) = 0 has only one solution x = 0 in F q 4 .
To discuss case of α = 0, we define two sets as follows,
Case II: α ∈ S + and f (x) = α. By Lemma 8, we have 3 | q and α q 2 − α = 0. In this case we have 0 =α
Since x ∈ F * q 4 , we have x gcd(2(q+1)(q 2 −1),q 4 −1) = x 2(q+1) = 1. It implies that x (1+q)(q 2 −1) = 1. This leads to a contradiction. Thus f (x) = α has only one root x = α.
Case III: α ∈ S − and f (x) = α. By similar proof to Case II, we know that f (x) = α has only one solution x = α.
Denote by T = F * q 4 \ (S + ∪ S − ). From the proving process of Cases II and III, we know that f (x) is a permutation over S + and S − respectively. Moreover, f (T ) ⊆ T . It remains to show that f (x) is also a permutation over the set T .
Case IV: α ∈ T . We will show that f (x) = α has only one x ∈ T satisfying this equation. Denote by
The equation f (x) = α is reduced to
Taking qth, q 2 th and q 3 th power on both sides of (7) respectively, we obtain
respectively. Adding (7) and (9) we have z = α + γ − x. Similarly, we get w = β + δ − y from (8) and (10) . Substituting the two equalities into (7) and (8) respectively, we obtain
Since x ∈ T , from Lemma 8 we have
From the second equation in (11) we get
Substituting this y into the first equation in (11), we obtain a equality A(x) = 0, where
and its degree on x is 5. Suppose that f (x) = α have another root X ∈ T different from x, then A(X) = 0. Replacing α, β, γ, δ in coefficients of A(X) with x, y, z, w respectively, and multiplying wx 2 yz 2 on both sides of A(X) = 0, we get
where
Hence B(X) = 0 or C(X) = 0. It has been verified that yw(x 2 +xz +z 2 ) = 0 above. Assume that w 2 x 2 − wxyz + y 2 z 2 = 0. Then
By Lemma 9 we have (yz) q 2 −1 = −1, i.e., y (q 2 −1)(q+1) = −1. Since gcd(2(q 2 − 1)(q + 1), q 4 − 1) = 2(q 2 − 1), we have y 2(q 2 −1) = 1. This is a contradiction with y (q 2 −1)(q+1) = −1. So, the degree of B(X) and C(X) on X is 2, respectively. (i) When B(X) = 0 in (13). Taking qth power on both sides of this equality we get B ′ (x q ) = 0, where the coefficients of B ′ (X) are qth power of corresponding coefficients of B(X). Replacing Y = X q with H(X) in (12) we obtain
If C(X) = 0 from (15) then X is a common root of B(X) and C(X). Then the resultant of these two polynomials should be 0. So,
It has been verified that w 2 x 2 − zxwy + y 2 z 2 = 0 above. Moreover, we have that (z + x)(w + y) = 0. In fact, if x + z = 0 or w + y = 0 we can derive that B(X) = D(X) = x 2 y 2 X 2 = 0. From (16) we have
Combining (17) and B(X) = 0 we obtain that
This is a contradiction with that x 2 + xz + z 2 = 0 and X = x. So, from (15) we must have D(X) = 0. If the leading coefficient of D(X) is nonzero, i.e., w 2 x 2 + w 2 xz + zxwy + xy 2 z + y 2 z 2 = 0 then
This is impossible from the discussion in previous paragraph. Thus, the leading coefficient of D(X) is zero, i.e.,
From (19) we have U (x) = 0. By calculation of the resultant of L(x) and
In this case, it is verified that y +w = 0 above. From (20) we have w 2 = −y 2 , i.e., y 2(q 2 −1) = −1 and y 4(q 2 −1) = 1. Then y gcd(4(q 2 −1),q 4 −1) = y 2(q 2 −1) = 1. This is a contradiction. Therefore, we prove that B(X) can not be zero.
(ii) Similarly, we can prove that C(x) in (13) is not zero. Thus, f (x) = α has only one root in T , and f (x) permutes T .
Permutation polynomials with the form (x
In this section we give many classes of permutation polynomials having the form (x q − x + δ) s + cx without restriction on δ over F q 2 . These permutation polynomials are derived from known permutation trinomials with the form (1) by using Proposition 2.
Permutation polynomials over finite fields with odd characteristic
First, four families of infinite classes of permutation polynomials of the form (x q − x + δ) s + cx over F q 2 with odd characteristic are derived from permutation trinomials introduced in Section 3.
Theorem 11. Let δ ∈ F q 2 and c ∈ F * q . The polynomial
+ cx is a permutation over F q 2 in each of the following cases:
(1) q ≡ 1 (mod 8) and c = −2; (2) q ≡ 5 (mod 8) and c = 2.
Proof. Let s = = 1 respectively. These are exact cases listed in (1) and (2) respectively since c ∈ F q . By Proposition 2 we obtain that f (x) permutes F q 2 under one of conditions listed above.
Similarly, one easily verifies the following three theorems.
Theorem 12. Let δ ∈ F q 2 and c ∈ F * q . The polynomial
(1) q ≡ 1 (mod 8) and c = 2; (2) q ≡ 5 (mod 8) and c = −2.
Theorem 13. Let q be a power of a prime with q ≡ 1 (mod 3). For δ ∈ F q 2 , the polynomial
is a permutation over F q 2 .
Theorem 14. Let q be a power of an odd prime. For any δ ∈ F q 2 , the polynomial
is a permutation over F q 4 .
Permutation polynomials over finite fields with even characteristic
By Proposition 2 many classes of permutation polynomials having the form (x q + x + δ) s + cx without restriction on δ are derived from known permutation trinomials having the form cx + x s + x qs over F q 2 with even characteristic. To this end, we first recall known permutation trinomials with the form cx + x s + x qs over finite fields with even characteristic in the following lemmas.
Lemma 15.
[17] Let k be a positive integer and q = 2 k . The trinomials f (x) = cx + x s + x qs are permutation polynomials over F q 2 in each of the following cases.
(1) s = 2q − 1. The positive integer k and c ∈ F q 2 satisfy one of the following conditions: i) k is even and c = 1; ii) k is odd and c 3 = 1.
, and k is even and c ∈ F q 2 satisfies c 3 = 1. , and k is odd and c ∈ F q 2 satisfies c q+1 3 = 1.
, and k is even and c = 1.
and Q = 2 k 2 for an even k, and c ∈ F * Q .
Lemma 16. [19] [1] Let k be a positive integer and q = 2 k . The trinomials f (x) = cx + x s + x qs are permutation polynomials over F q 2 in each of the following cases.
Remark 17. It is easy to see that each s in Lemmas 15 and 16 can be rewritten as the form s = i(q − 1) + 1, here i is interpreted as modulo q + 1 when it is negative or proper fraction.
By Proposition 2, the coefficient c of x in polynomials of the form (2) should be in F * q , and the permutation polynomials in the following theorem are derived directly from permutation trinomials in Lemmas 15 and 16.
Theorem 18. Let k be a positive integer and q = 2 k . For δ ∈ F q 2 , f (x) = (x q + x + δ) s + cx permutes F q 2 in each of the following cases:
(1) s = 2q − 1 and c = 1.
and k is even, and c ∈ F q satisfies c 3 = 1. , c = 1 and k is odd. (2 k − 1) + 1, and k ′ is a positive integer with gcd(2 k ′ + 1, 2 k + 1) = 1, and c ∈ F 2 k ′ ∩ F q .
Remark 19. The permutation polynomial in case (1) has been proposed in Theorem 1 of [26] and Theorem 3.2 of [29] . The permutation polynomial in case (3) has been constructed in [10] . The permutation polynomial in case (4) has been constructed in Theorem 2.1 of [37] and Theorem 3.1 of [29] . Even though the representation of permutation polynomials having the form (2) in those papers may be different, they have the same corresponding trinomials of the form (1) if s is written as i(q − 1) + 1 and i is interpreted as modulo q + 1 when it is negative or proper fraction. As far as we know, Table 1 presents all permutation polynomials having the form (x q + x + δ) s + cx without restriction on δ over F q 2 with even characteristic, where Ω = {c ∈ F q | x 3 + x + c = 0 has no roots in F q }. 
Concluding remark
In this paper, we proposed four families of infinite classes of permutation trinomials with the form (1) . From known permutation trinomials with the form (1), many classes of permutation polynomials with the form (2) are derived. As part of the future work, observe that the relationship between the two types of polynomials can be generalized to the case of multiple monomials. It would be interesting to find more permutation polynomials with the form (1) or (2) by using this relation.
